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Example 1. The case of p =2, n = 2. We have
Ex(X,;T) =1+ XT+ (X + X5)T? + (X + XHT? mod (2,T*),
and therefore
Fo(Xo, X1, 1;T) =1+ XoT + (Xo + X2 + X1)T? + (Xo + XZ + XoX1)T? mod (2,T*).

Hence we obtain

Wo(Xo, X1) = 1+ Xo+ X1 + XoX; = (1+ Xo)(1+ X)),
U1 (Xo, X1) = X3 + Xo X1 = Xo(Xo + X1),

Uy (Xo, X1) = X1 + Xo X1 = (14 X)Xy,

U3(Xo, X1) = Xo + X2 + Xo X1 = Xo(1 + Xo + X3).

On the other hand, the endomorphism
F-1: Wz)]Fz = SpeCFQ[XO,Xl] — WQ)]Fz = SpeC]FQ[XQ,Xl]

is defined by
(X0, X1) — (X& + Xo, X7 + X1 + X3+ X2).

Let R be an Fs-algebra and ag,a; € R. Put
S = R[Xo, X1]/(X2 + Xo + a0, X7 + X1 + X3 + X2 + 1),

and let ag and «; denote the image of Xy and X in S, respectively. Then S/R is an unramified cyclic

extension of degree 4. The Galois group of S/R is generared by
v : (g, 1) — (ap + 1,01 + ap).

Furthermore Wo(ag, 1) = (1 4+ a)(1 + 1) generates a normal basis of S/R.



Example 2. The case of p =2, n = 3. We have an equalilty in F5[X, T]/(T®)
Ey(X,1;T) =1+ XT+ (X + XHT? + (X + XHT3 + (X2 + X3)T*
+ (X +XP+ X+ X + (X + XHTO+ (X + X3+ X0+ XOT7,
and therefore an equality in Fo[Xq, X1, Xo, T]/(T®)

Ey(Xo, X1, X2,1;T) =
14 XoT + (Xo+ X2+ X1)T? + (Xo+ X2+ X0 X1)T?
(X X4+ X1+ X0 X+ X2 X+ X7+ Xo)T
+ (Xo+Xe+ X3+ XS+ X2 X1+ Xo X4+ X X2)T?
+ (Xo+ X3+ X1+ Xo X1+ X5 X1+ X3+ Xo X2+ X3 X7+ XoXo+ X2 Xo+ X1 X2)T"
+ (Xo+Xg X0 +X( +Xo X1 +X0 X1 +X0 X1 +X5 X7+ Xo Xo+ X5 Xo+ X0 X1 Xo) T

Hence we obtain

On the other hand, the endomorphism
F—-1: W37F2 = SpeCIFQ[XO,Xl,XQ] — Wg,]FQ = SpeC]FQ[XO7X1,X2]

is defined by
(X0, X1, X2) — (Fo(Xo), F1(Xo, X1), F2(Xo, X1, X2)),

where

Fo(Xo) = X2 + Xo,
Fy(Xo, X1) = X7 + X1+ X5 + X3,
Fy(Xo, X1, X2) = X35 + Xo + X7 + X7X§ + X7 X + X7 + X1 X5 + X1.X§ + X{ + X5

Let R be an Fy-algebra and ag,a1,a2 € R. Put
S = R[Xo, X1, Xo]/(Fo(Xo) + ao, F1(Xo, X1) + a1, Fo(Xo, X1, X2) + a2),

and let ap, a1 and ag denote the image of Xy, X; and X5 in S, respectively. Then S/R is an unramified
cyclic extension of degree 8. The Galois group of S/R is generared by

v (g, a1, a2) — (g + 1, a1 + ap, as + arag —|—0¢g + ).

Furthermore Wy (ayg, a1, a2) generates a normal basis of S/R.



Example 3. The case of p = 3, n = 2. We have an equality in F3[X,T]/(T?)

E3s(X,;T) =14+ XT + (X +2X%)T? + (X? + 2X*)T3 + (2X +2X? +2X3)1*
+(2X +2X2 +2X? +2X* + XO)T° + (X2 4+ X3 + XxHT®
(X +2X2 + X+ X° + XOT7 + (X +2X8)T8,

and therefore an equality in F3[Xo, X1, 7]/(T?)

E3(Xo, X1, 1,T) =
14+ XoT + (Xo +2X3)T? + (Xo + X5 + X1)T? + (2X0 + 2X§ +2X§ + XoX1)T*
+(2X0 + 2X§ +2X§ +2X7 + X§ + XoX1 +2X3X1)T°
+ (X3 + X3 + X + X1 + XoX1 + X3 Xy +2X7)T®
+ (Xo +2X§5 + Xg + X§ + X§ +2X3 +2X5 X1 + 2XoX7)T”
+ (X +2X§ + X2X1 +2X5 X +2X3 X, + X5 X1 + 2Xo X7 + XGX?)T8.

Hence we obtain

Uo(X) = 14+2X5+ XG5+ X5 +2X0 +2X5 + X5 X1 +2X5 X1 +2X7 X1+ X5 X1 +2X 7 + XG X7,
U (X) = 2X 32X+ XS+ 2 X5+ Xo X1 + X2 X1+ XX 42X 3 X1+ X5 X1+ Xo X2+ X2 X2,
Uy (X) = X+ Xg+2X0+2X54+2X0 X, +2X3 X1 +2X5 X1 +2X X1 + X0 X1 +2X0 X7+ X3 X7,

(X)
(X)
(X)
U3 (X) = 2X7 +2X5+2X5+2X1 +2X5 X1 +2X5 X1 +2X5 X1+ X5 X1 +2X7 + X5 X7,
Uy(X) = Xg+2X 0+ XS +2X 34+ 2X0 X1 +2 X2 X1+ X3 X 42X X1+ X5 X + Xo X2+ X2 X2,

(X)

(X)

(X)

(X)

U5(X) = 2X35+2X5 +2X5+X§+2X5+XoX1+2X5 X1 +2X5 X1+ X5 X1 +2X0 X7+ X7 X7,
Ue(X) = 2X3+ X3 +2X5 +2X0+2 X5+ X1 +2 X3 X1 +2X5 X1+ X0 X +2 X7+ X3 X7,
Ur(X) = 2X0+2X3+Xg+ X0+ XS +2X5+ X5 X1 +2X3 X1+ X5 X1+ Xo X7+ X3 XE,
Ug(X) = Xo+2X5+ X3 X1 +2X5 X1 +2X5 X1+ X5 X1 +2X0 X7+ X5 X7

On the other hand, the endomorphism
F —1: WQ,]FS = Spech[Xo,Xl] — WQ}[FS = SpeC]Fg,[Xo,Xl]

is defined by
(X0, X1) — (X§ — X0, X3 — X1+ X7 - XD).

Let R be an Fs-algebra and ag,a; € R. Put
S = R[Xo, X1]/(X3 — Xo — a0, X? — X1 + X! — X5 —ay),

and let ap and «; denote the image of Xy and X in S, respectively. Then S/R is an unramified cyclic

extension of degree 9. The Galois group of S/R is generared by
v (o, a1) = (ag + 1,00 — g — ).

Furthermore ¥o (g, 1) generates a normal basis of S/R.



Example 4. Let n = 1. Substituting

w50

=k
n U, U U, U, U U,
U)=c (L, 22, Der,[2, 2, ... 2L
a(U) Cl(U07U0’ 7U0) p[U07U0’ Uo]

defined in 1.5, we obtain rationals

~ - 1
Cl(T) = Cl(T07T1,... ,Tpfl) S Fp[To,Tl,... T

_1, 0<Il<p).
p—1 T0+T1—|—~--—|—Tp_1]( = p)

More precisely, we have

p—1
&o(T) = éo(To, v, , Tp-1) = » T},
j=0
p—1 p—1
a(T)=aTo,Th,... ,Tpo1) = ZjTj/Z T
Jj=1 j=0

and, for 2 <1 < p, &(T) = &(To,Th,. .. ,Tp—1) is determined inductively by

S ()T om S

V1,V2,.0,V1—1 21 j
vi+2vo4-+(1—1)v 1=l

Then we obtain

L | = F)[0(T), & (T), &5(T), ... 11 (T), —

F,[Ty, Ty, .., )1,
p[O 1 plTO+T1+~~~+Tp_1

and

! I = By [o(T), &1 (T) — &1(T),&a(T), ..,y 1(T), —

F, [Ty, Ty, ... ,Tp_1,
»[To. Th p—1 TorTot T,

It should be remarked that éy(T) = To + 11 + - - - + T—1 is a group-like element of the Hopf algebra
F,To, 11, .., Tp—1,1/(To+T1 + -+ Tp_1)] and & (T),é(T),. .. ,ép—1(T) are primitive elements.

Example 4.1. In the case of p = 2, we have

. - T;
C()(’T)ZT()—FTl7 Cl(T): T0—|—1T1
and T
&(T)? —&(T) = —.
a(T)” — & (T) T T,
Example 4.2. In the case of p = 3, we have
T, + 2T: ToTy + T T + ThT
co(T) =To+ Ty +Ta, &(T) L2 ~(T):—Ol—i_ 172 %0

= —_——, C
To+Th+ T ° (To + Ty + T»)?

and (To — Ty)(Ty — T)(Ty — Tp)

(To+ Ty + 12)3

e (T)? —é(T) =



Example 4.3. In the case of p = 5, we have

&(T)=To+ T +To +Ts + Tu,
&o(T)e1(T) = Ty + 2T + 3T; + 4T,
eo(T)%ex(T) = 3(ToTy + ThTs + ToTs + TsTy + TyTy) + 2(ToTs + Th T + ToTy + TsTy + TyTy ),
¢o(T)2e3(T) = 3(TET, + TETy + T3T3 + TETy + TETo)

+ (T0TE + VT3 + ToT5 + TaT] + TuTg) + (T5 To + TP T3 + T5 Ty + T3 To + TET)

+ 2(ToTh T + ThToT3 + ToT3Ty + T3TyTo + T4 ToTh)

+3(ToThT5 + ThToTy + ToT3To + T3T4Th + TyToTh),

Go(T)Y2e3(T) = ATET, + TPTo + ToTs + T3Ty + T2To) + 4(TETE + TET + TT? + T3TE + T2T3)
+ 2ToTE + ThT5 + ToTs + TsT3 + TyTY) + 3(TETo + T3 + T3Ty + T3To + T3 Ty)
+3(TETY + T2TE + ToT: + TETy + TITE) + 2(To Ty + ThTy + ToTy + T3Tg + TuTy)

+ 2TET Ty + TPTo T3 + TET3Ty + Ty Ty + TiTo Ty
+ 3(ToTET, + ThT3T3 + ToT3Ty + T3TiTy + TuT3Ty

+ AToTV T2 + ThToTE + ToTsT? 4+ TyToT? + TsTuTy

+3(T,

+2(
+4(

+ 4T

ToT2Ty + TT2Ty + ToT2Ty + TyT2T, + TyT2Ty
T0T1T3 + T1T2T4 + T2T3T0 + T3T4T1 + T4T()T2
oW o1y + ThTo T3 Ty + ToT5TyTo + T3TyToTs + TuToTi 1)

)
)
)
2T\Ty + T2ToTy + T2T5Ty + T2TUT) + T2ToT)
)
)

and
yH{a(T)® —a(T)} =
MTHTy + Ty + Ty Ts + TsTy + TiTo) + (TSTE + TETS + TST2 + T3TE + TTE)
MTETE 4+ THTS + T3T3 + T2T3 + TETS) + (ToTy + ThTy + ToTy + T3Ty + TuTy)
3Ty + THTs + Ty Ty + Ty To + TiTh) + 2T Ty + T7T5 + 15T + T3 Ty + T 1Y)
3(TETS 4+ THTS + T3T) + T2T3 + THTY) + 2(ToTy + Th Ty + ToTy + TsTy + TyT)
+ 3TN Ty + TPToTs + T3T3Ty + T3 Ty Ty + TP ToT))
+ (TP + TR Ty + TYT Ty + T3 T To + T T3 Th)
ToTETE + VIS TS + ToT3T] + TRTETE + TaTHTY)
%ﬂg+ﬂnn+nﬂn+nn%+ﬂ%n)
T3\ T3 + TEToTy + ToT3Ty + TSTyT) + T ToT)
3(TET\TE + TPToT? + TET3TE + TETAT? 4+ THT,T%)
+ﬂ%nn+ngn+ng%+nnﬂ+n%g)
F(ToT3Ts + TVT3Ty + ToT3Ty + TsTETy + TyTETs)
+ 3(TETToTs + TET T Ty + T3T3TyTy + TETUToT) + TiToTh Ts)
+ (ToTETo T3 + Th T3 13Ty + ToTiTyTo + TsTiToTh + TyTE Ty Ts)
+ ATy TETs + Ty To T3 Ty + ToT3TiTo + TyTyTE Ty + TaToTETS)
+ 2Ty T ToTE + T ToT3TE + ToT3TyTE + TsTyToTE + TaToTh T3).

+4
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Example 5. In the case of p = 2, n = 2, the isomorphism

1
%+E+B+%]

—= G, X Wor, X Gqr, = SpecFa[Xo, X1, X2, X3,

D Of : U(F)Fz = SpeCFQ[To,Tl,TQ,Tg,

=
Xo
is defined by
Xo — éQ(T), X1 Lad 61(T)7 X2 — EQ(T), X3 [ad ég(T),

where

To+Ti(1+U)+To(1+U)? +T5(1+U)® =
T){1 + & (T)U + (&1(T) +E1(T)* +62(T))U? + (&(T) +¢1(T)? +e1(T)e2(T))UP {1 + &5(T)U }

in Fa[Ty, T, T, T3][U]/(U*). Hence we obtain

=T5 + 15 + ToTy + ToTe + Th 15 + T T5,
= (I3Ty + TP T + T3T5 + T5To) + (To T To + Th T Ts + To T3 Ty + T3 To Th).

Furthermore we have

1
Fo[Ty, T, Ts, T, =
2[0 1 2 3T0+T1+T2+T3]
. . - . . . 3 . . 1
F[éo(T), 1 (T)? + é1(T), &(T)? + &(T) + & (T)° + & (T)?, &(T), EO(T)]'

We have gotten

co(T)*{er(T)? + & (T)} =
ToTy + TyTs + ToTs + T3 T,
{02 24+ 6(T)+&(T)? + & (T }_
(%ﬂ+ﬂg+@g+g%yu%3+ﬁn+ﬁ%+ﬁﬂﬂ
(ToT?Ty + ThTETs + ToTiTo + T3TETy) + (ToTh T3 + ThTo T3 + ToT3TE + TsToTE)

by a simple and honest calculation.



