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Example 1. The case of p = 2, n = 2. We have

E2(X, 1;T ) ≡ 1 + XT + (X + X2)T 2 + (X + X2)T 3 mod (2, T 4),

and therefore

E2(X0, X1, 1;T ) ≡ 1 + X0T + (X0 + X2
0 + X1)T 2 + (X0 + X2

0 + X0X1)T 3 mod (2, T 4).

Hence we obtain

Ψ0(X0, X1) = 1 + X0 + X1 + X0X1 = (1 + X0)(1 + X1),

Ψ1(X0, X1) = X2
0 + X0X1 = X0(X0 + X1),

Ψ2(X0, X1) = X1 + X0X1 = (1 + X0)X1,

Ψ3(X0, X1) = X0 + X2
0 + X0X1 = X0(1 + X0 + X1).

On the other hand, the endomorphism

F − 1 : W2,F2 = Spec F2[X0, X1] → W2,F2 = Spec F2[X0, X1]

is defined by
(X0, X1) 7→ (X2

0 + X0, X
2
1 + X1 + X3

0 + X2
0 ).

Let R be an F2-algebra and a0, a1 ∈ R. Put

S = R[X0, X1]/(X2
0 + X0 + a0, X

2
1 + X1 + X3

0 + X2
0 + a1),

and let α0 and α1 denote the image of X0 and X1 in S, respectively. Then S/R is an unramified cyclic
extension of degree 4. The Galois group of S/R is generared by

γ : (α0, α1) 7→ (α0 + 1, α1 + α0).

Furthermore Ψ0(α0, α1) = (1 + α0)(1 + α1) generates a normal basis of S/R.
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Example 2. The case of p = 2, n = 3. We have an equalilty in F2[X, T ]/(T 8)

E2(X, 1;T ) = 1 + XT + (X + X2)T 2 + (X + X2)T 3 + (X2 + X3)T 4

+ (X + X2 + X3 + X5)T 5 + (X + X2)T 6 + (X + X3 + X6 + X7)T 7,

and therefore an equality in F2[X0, X1, X2, T ]/(T 8)

E2(X0, X1, X2, 1;T ) =

1 + X0T + (X0+X2
0 +X1)T 2 + (X0+X2

0 +X0X1)T 3

+ (X2
0 +X3

0 +X1+X0X1+X2
0X1+X2

1 +X2)T 4

+ (X0+X2
0 +X3

0 +X5
0 +X2

0X1+X0X
2
1 +X0X2)T 5

+ (X0+X2
0 +X1+X0X1+X3

0X1+X2
1 +X0X

2
1 +X2

0X2
1 +X0X2+X2

0X2+X1X2)T 6

+ (X0+X3
0 +X6

0 +X7
0 +X0X1+X3

0X1+X5
0X1+X2

0X2
1 +X0X2+X2

0X2+X0X1X2)T 7.

Hence we obtain

Ψ0(X)=1+X2
0 +X3

0 +X5
0 +X6

0 +X7
0 +X1+X5

0X1+X2+X0X2+X1X2+X0X1X2,

Ψ1(X)=X5
0 +X6

0 +X7
0 +X2

0X1+X3
0X1+X5

0X1+X0X
2
1 +X2

0X2
1 +X2

0X2+X0X1X2,

Ψ2(X)=X2
0 +X3

0 +X6
0 +X7

0 +X0X1+X5
0X1+X2

1 +X0X
2
1 +X1X2+X0X1X2,

Ψ3(X)=X2
0 +X3

0 +X6
0 +X7

0 +X3
0X1+X5

0X1+X2
0X2

1 +X0X2+X2
0X2+X0X1X2,

Ψ4(X)=X0+X2
0 +X3

0 +X5
0 +X6

0 +X7
0 +X0X1+X5

0X1+X2+X0X2+X1X2+X0X1X2,

Ψ5(X)=X2
0 +X5

0 +X6
0 +X7

0 +X0X1+X2
0X1+X3

0X1+X5
0X1+X0X

2
1 +X2

0X2
1 +X2

0X2+X0X1X2,

Ψ6(X)=X2
0 +X3

0 +X6
0 +X7

0 +X1+X5
0X1+X2

1 +X0X
2
1 +X1X2+X0X1X2,

Ψ7(X)=X0+X3
0 +X6

0 +X7
0 +X0X1+X3

0X1+X5
0X1+X2

0X2
1 +X0X2+X2

0X2+X0X1X2.

On the other hand, the endomorphism

F − 1 : W3,F2 = Spec F2[X0, X1, X2] → W3,F2 = Spec F2[X0, X1, X2]

is defined by
(X0, X1, X2) 7→ (F̃0(X0), F̃1(X0, X1), F̃2(X0, X1, X2)),

where

F̃0(X0) = X2
0 + X0,

F̃1(X0, X1) = X2
1 + X1 + X3

0 + X2
0 ,

F̃2(X0, X1, X2) = X2
2 + X2 + X3

1 + X2
1X3

0 + X2
1X2

0 + X2
1 + X1X

3
0 + X1X

2
0 + X7

0 + X5
0 .

Let R be an F2-algebra and a0, a1, a2 ∈ R. Put

S = R[X0, X1, X2]/(F̃0(X0) + a0, F̃1(X0, X1) + a1, F̃2(X0, X1, X2) + a2),

and let α0, α1 and α2 denote the image of X0, X1 and X2 in S, respectively. Then S/R is an unramified
cyclic extension of degree 8. The Galois group of S/R is generared by

γ : (α0, α1, α2) 7→ (α0 + 1, α1 + α0, α2 + α1α0 + α3
0 + α0).

Furthermore Ψ0(α0, α1, α2) generates a normal basis of S/R.
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Example 3. The case of p = 3, n = 2. We have an equality in F3[X,T ]/(T 9)

E3(X, 1;T ) = 1 + XT + (X + 2X2)T 2 + (X2 + 2X3)T 3 + (2X + 2X2 + 2X3)T 4

+ (2X + 2X2 + 2X3 + 2X4 + X5)T 5 + (X2 + X3 + X4)T 6

+ (X + 2X2 + X4 + X5 + X6)T 7 + (X + 2X8)T 8,

and therefore an equality in F3[X0, X1, T ]/(T 9)

E3(X0, X1, 1;T ) =

1 + X0T + (X0 + 2X2
0 )T 2 + (X0 + X2

0 + X1)T 3 + (2X0 + 2X2
0 + 2X3

0 + X0X1)T 4

+ (2X0 + 2X2
0 + 2X3

0 + 2X4
0 + X5

0 + X0X1 + 2X2
0X1)T 5

+ (X2
0 + X3

0 + X4
0 + X1 + X0X1 + X2

0X1 + 2X2
1 )T 6

+ (X0 + 2X2
0 + X4

0 + X5
0 + X6

0 + 2X2
0 + 2X3

0X1 + 2X0X
2
1 )T 7

+ (X0 + 2X8
0 + X2

0X1 + 2X3
0X1 + 2X4

0X1 + X5
0X1 + 2X0X

2
1 + X2

0X2
1 )T 8.

Hence we obtain

Ψ0(X) = 1+2X3
0 +X4

0 +X5
0 +2X6

0 +2X8
0 +X2

0X1+2X3
0X1+2X4

0X1+X5
0X1+2X2

1 +X2
0X2

1 ,

Ψ1(X) = 2X3
0 +2X4

0 +X6
0 +2X8

0 +X0X1+X2
0X1+X3

0X1+2X4
0X1+X5

0X1+X0X
2
1 +X2

0X2
1 ,

Ψ2(X) = X3
0 +X4

0 +2X5
0 +2X8

0 +2X0X1+2X2
0X1+2X3

0X1+2X4
0X1+X5

0X1+2X0X
2
1 +X2

0X2
1 ,

Ψ3(X) = 2X4
0 +2X6

0 +2X8
0 +2X1+2X2

0X1+2X3
0X1+2X4

0X1+X5
0X1+2X2

1 +X2
0X2

1 ,

Ψ4(X) = X3
0 +2X5

0 +X6
0 +2X8

0 +2X0X1+2X2
0X1+X3

0X1+2X4
0X1+X5

0X1+X0X
2
1 +X2

0X2
1 ,

Ψ5(X) = 2X2
0 +2X3

0 +2X4
0 +X5

0 +2X8
0 +X0X1+2X3

0X1+2X4
0X1+X5

0X1+2X0X
2
1 +X2

0X2
1 ,

Ψ6(X) = 2X2
0 +X3

0 +2X5
0 +2X6

0 +2X8
0 +X1+2X3

0X1+2X4
0X1+X5

0X1+2X2
1 +X2

0X2
1 ,

Ψ7(X) = 2X0+2X2
0 +X4

0 +X5
0 +X6

0 +2X8
0 +X3

0X1+2X4
0X1+X5

0X1+X0X
2
1 +X2

0X2
1 ,

Ψ8(X) = X0+2X8
0 +X2

0X1+2X3
0X1+2X4

0X1+X5
0X1+2X0X

2
1 +X2

0X2
1 .

On the other hand, the endomorphism

F − 1 : W2,F3 = Spec F3[X0, X1] → W2,F3 = Spec F3[X0, X1]

is defined by
(X0, X1) 7→ (X3

0 − X0, X
3
1 − X1 + X7

0 − X5
0 ).

Let R be an F3-algebra and a0, a1 ∈ R. Put

S = R[X0, X1]/(X3
0 − X0 − a0, X

3
1 − X1 + X7

0 − X5
0 − a1),

and let α0 and α1 denote the image of X0 and X1 in S, respectively. Then S/R is an unramified cyclic
extension of degree 9. The Galois group of S/R is generared by

γ : (α0, α1) 7→ (α0 + 1, α1 − α0 − α2
0).

Furthermore Ψ0(α0, α1) generates a normal basis of S/R.
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Example 4. Let n = 1. Substituting

Uk =
p−1∑
j=k

(
j

k

)
Tj

in
cl(U) = cl

(U1

U0
,
U2

U0
, . . . ,

Ul

U0

)
∈ Fp

[U1

U0
,
U2

U0
, . . . ,

Ul

U0

]
defined in 1.5, we obtain rationals

c̃l(T ) = c̃l(T0, T1, . . . , Tp−1) ∈ Fp[T0, T1, . . . , Tp−1,
1

T0 + T1 + · · · + Tp−1
] (0 ≤ l < p).

More precisely, we have

c̃0(T ) = c̃0(T0, T1, . . . , Tp−1) =
p−1∑
j=0

Tj ,

c̃1(T ) = c̃1(T0, T1, . . . , Tp−1) =
p−1∑
j=1

jTj

/p−1∑
j=0

Tj

and, for 2 ≤ l < p, c̃l(T ) = c̃l(T0, T1, . . . , Tp−1) is determined inductively by

∑
ν1,ν2,... ,νl−1≥1

ν1+2ν2+···+(l−1)νl−1=l

(
c1(T )

ν1

)(
c2(T )

ν2

)
· · ·

(
cl−1(T )

νl−1

)
+ cl(T ) =

p−1∑
j=l

(
j

l

)
Tj

/p−1∑
j=0

Tj .

Then we obtain

Fp[T0, T1, . . . , Tp−1,
1

T0 + T1 + · · · + Tp−1
] = Fp[c̃0(T ), c̃1(T ), c̃2(T ), . . . , c̃p−1(T ),

1
c̃0(T )

]

and

Fp[T0, T1, . . . , Tp−1,
1

T0+T1+· · ·+Tp−1
]Γ = Fp[c̃0(T ), c̃1(T )p − c̃1(T ), c̃2(T ), . . . , c̃p−1(T ),

1
c̃0(T )

].

It should be remarked that c̃0(T ) = T0 + T1 + · · · + Tp−1 is a group-like element of the Hopf algebra
Fp[T0, T1, . . . , Tp−1, 1/(T0 + T1 + · · · + Tp−1)] and c̃1(T ), c̃2(T ), . . . , c̃p−1(T ) are primitive elements.

Example 4.1. In the case of p = 2, we have

c̃0(T ) = T0 + T1, c̃1(T ) =
T1

T0 + T1

and
c̃1(T )2 − c̃1(T ) =

T0T1

T0 + T1
.

Example 4.2. In the case of p = 3, we have

c̃0(T ) = T0 + T1 + T2, c̃1(T ) =
T1 + 2T2

T0 + T1 + T2
, c̃2(T ) = −T0T1 + T1T2 + T2T0

(T0 + T1 + T2)2

and
c̃1(T )3 − c̃1(T ) =

(T0 − T1)(T1 − T2)(T2 − T0)
(T0 + T1 + T2)3

.
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Example 4.3. In the case of p = 5, we have

c̃0(T ) = T0 + T1 + T2 + T3 + T4,

c̃0(T )c̃1(T ) = T1 + 2T2 + 3T3 + 4T4,

c̃0(T )2c̃2(T ) = 3(T0T1 + T1T2 + T2T3 + T3T4 + T4T0) + 2(T0T2 + T1T3 + T2T4 + T3T0 + T4T1),

c̃0(T )3c̃3(T ) = 3(T 2
0 T1 + T 2

1 T2 + T 2
2 T3 + T 2

3 T4 + T 2
4 T0)

+ (T0T
2
1 + T1T

2
2 + T2T

2
3 + T3T

2
4 + T4T

2
0 ) + (T 2

0 T2 + T 2
1 T3 + T 2

2 T4 + T 2
3 T0 + T 2

4 T1)

+ 2(T0T1T2 + T1T2T3 + T2T3T4 + T3T4T0 + T4T0T1)

+ 3(T0T1T3 + T1T2T4 + T2T3T0 + T3T4T1 + T4T0T2),

c̃0(T )3c̃3(T ) = 4(T 3
0 T1 + T 3

1 T2 + T 3
2 T3 + T 3

3 T4 + T 3
4 T0) + 4(T 2

0 T 2
1 + T 2

1 T 2
2 + T 2

2 T 2
3 + T 2

3 T 2
4 + T 2

4 T 2
0 )

+ 2(T0T
3
1 + T1T

3
2 + T2T

3
3 + T3T

3
4 + T4T

3
0 ) + 3(T 3

0 T2 + T 3
1 T3 + T 3

2 T4 + T 3
3 T0 + T 3

4 T1)

+ 3(T 2
0 T 2

2 + T 2
1 T 2

3 + T 2
2 T 2

4 + T 2
3 T 2

0 + T 2
4 T 2

1 ) + 2(T0T
3
2 + T1T

3
3 + T2T

3
4 + T3T

3
0 + T4T

3
1 )

+ 2(T 2
0 T1T2 + T 2

1 T2T3 + T 2
2 T3T4 + T 2

3 T4T0 + T 2
4 T0T1)

+ 3(T0T
2
1 T2 + T1T

2
2 T3 + T2T

2
3 T4 + T3T

2
4 T0 + T4T

2
0 T1)

+ 4(T0T1T
2
2 + T1T2T

2
3 + T2T3T

2
4 + T4T0T

2
1 + T3T4T

2
0 )

+ 3(T 2
0 T1T3 + T 2

1 T2T4 + T 2
2 T3T0 + T 2

3 T4T1 + T 2
4 T0T2)

+ 2(T0T
2
1 T3 + T1T

2
2 T4 + T2T

2
3 T0 + T3T

2
4 T1 + T4T

2
0 T2)

+ 4(T0T1T
2
3 + T1T2T

2
4 + T2T3T

2
0 + T3T4T

2
1 + T4T0T

2
2 )

+ 4(T0T1T2T3 + T1T2T3T4 + T2T3T4T0 + T3T4T0T2 + T4T0T1T2)

and

c̃0(T )4
{
c̃1(T )5 − c̃1(T )

}
=

4(T 4
0 T1 + T 4

1 T2 + T 4
2 T3 + T 4

3 T4 + T 4
4 T0) + (T 3

0 T 2
1 + T 3

1 T 2
2 + T 3

2 T 2
3 + T 3

3 T 2
4 + T 3

4 T 2
0 )

+ 4(T 2
0 T 3

1 + T 2
1 T 3

2 + T 2
2 T 3

3 + T 2
3 T 3

4 + T 2
4 T 3

0 ) + (T0T
4
1 + T1T

4
2 + T2T

4
3 + T3T

4
4 + T4T

4
0 )

+ 3(T 4
0 T2 + T 4

1 T3 + T 4
2 T4 + T 4

3 T0 + T 4
4 T1) + 2(T 3

0 T 2
2 + T 3

1 T 2
3 + T 3

2 T 2
4 + T 3

3 T 2
0 + T 3

4 T 2
1 )

+ 3(T 2
0 T 3

2 + T 2
1 T 3

3 + T 2
2 T 3

4 + T 2
3 T 3

0 + T 2
4 T 3

1 ) + 2(T0T
4
2 + T1T

4
3 + T2T

4
4 + T3T

4
0 + T4T

4
1 )

+ 3(T 3
0 T1T2 + T 3

1 T2T3 + T 3
2 T3T4 + T 3

3 T4T0 + T 3
4 T0T1)

+ (T 2
0 T 2

1 T2 + T 2
1 T 2

2 T3 + T 2
2 T 2

3 T4 + T 2
3 T 2

4 T0 + T 2
4 T 2

0 T1)

+ 4(T0T
2
1 T 2

2 + T1T
2
2 T 2

3 + T2T
2
3 T 2

4 + T3T
2
4 T 2

0 + T4T
2
0 T 2

1 )

+ 2(T0T1T
3
2 + T1T2T

3
3 + T2T3T

3
4 + T3T4T

3
0 + T4T0T

3
1 )

+ 4(T 3
0 T1T3 + T 3

1 T2T4 + T 3
2 T3T0 + T 3

3 T4T1 + T 3
4 T0T2)

+ 3(T 2
0 T1T

2
3 + T 2

1 T2T
2
4 + T 2

2 T3T
2
0 + T 2

3 T4T
2
1 + T 2

4 T0T
2
2 )

+ 2(T0T
2
1 T 2

3 + T1T
2
2 T 2

4 + T2T
2
3 T 2

0 + T3T
2
4 T 2

1 + T4T
2
0 T 2

2 )

+ (T0T
3
1 T3 + T1T

3
2 T4 + T2T

3
3 T0 + T3T

3
4 T1 + T4T

3
0 T2)

+ 3(T 2
0 T1T2T3 + T 2

1 T2T3T4 + T 2
2 T3T4T0 + T 2

3 T4T0T1 + T 2
4 T0T1T2)

+ (T0T
2
1 T2T3 + T1T

2
2 T3T4 + T2T

2
3 T4T0 + T3T

2
4 T0T1 + T4T

2
0 T1T2)

+ 4(T0T1T
2
2 T3 + T1T2T

2
3 T4 + T2T3T

2
4 T0 + T3T4T

2
0 T1 + T4T0T

2
1 T2)

+ 2(T0T1T2T
2
3 + T1T2T3T

2
4 + T2T3T4T

2
0 + T3T4T0T

2
1 + T4T0T1T

2
2 ).

5



Example 5. In the case of p = 2, n = 2, the isomorphism

χ(1) ◦ ξ : U(Γ )F2 = Spec F2[T0, T1, T2, T3,
1

T0 + T1 + T2 + T3
]

∼−→ Gm,F2 × W2,F2 × Ga,F2 = Spec F2[X0, X1, X2, X3,
1

X0
]

is defined by
X0 7→ c̃0(T ), X1 7→ c̃1(T ), X2 7→ c̃2(T ), X3 7→ c̃3(T ),

where

T0 + T1(1 + U) + T2(1 + U)2 + T3(1 + U)3 =

c̃0(T )
{
1 + c̃1(T )U + (c̃1(T )+c̃1(T )2+c̃2(T ))U2 + (c̃(T )+c̃1(T )2+c̃1(T )c̃2(T ))U3

}{
1 + c̃3(T )U

}
in F2[T0, T1, T2, T3][U ]/(U4). Hence we obtain

c̃0(T ) = T0 + T1 + T2 + T3,

c̃0(T )c̃1(T ) = T1 + T3,

c̃0(T )2c̃2(T ) = T 2
2 + T 2

3 + T0T1 + T0T2 + T1T3 + T2T3,

c̃0(T )3c̃3(T ) = (T 2
0 T1 + T 2

1 T2 + T 2
2 T3 + T 2

3 T0) + (T0T1T2 + T1T2T3 + T2T3T0 + T3T0T1).

Furthermore we have

F2[T0, T1, T2, T3,
1

T0 + T1 + T2 + T3
]Γ =

F2[c̃0(T ), c̃1(T )2 + c̃1(T ), c̃2(T )2 + c̃2(T ) + c̃1(T )3 + c̃1(T )2, c̃3(T ),
1

c̃0(T )
].

We have gotten

c̃0(T )2
{
c̃1(T )2 + c̃1(T )

}
=

T0T1 + T1T2 + T2T3 + T3T0,

c̃0(T )4
{
c̃2(T )2 + c̃2(T ) + c̃1(T )3 + c̃1(T )2

}
=

(T 3
0 T1 + T 3

1 T2 + T 3
2 T3 + T 3

3 T0) + (T 3
0 T2 + T 3

1 T3 + T 3
2 T0 + T 3

3 T1) +

(T0T
2
1 T2 + T1T

2
2 T3 + T2T

2
3 T0 + T3T

2
0 T1) + (T0T1T

2
2 + T1T2T

2
3 + T2T3T

2
0 + T3T0T

2
1 )

by a simple and honest calculation.
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