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V' . r-dimensional real vector space

(', ) : inner product defined on V/

A : finite reduced root system in V'

A=Ay UA_

U =A{aj,...,ar} : fundamental system

{A,. .., A} o fundamental weights (with (@), A;) = 6;;)
Prp =@ NN, (N=Zx)

Define the zeta-function of A by

- > I o

)\GP_H_ CYEA_|_

where s = (sq)qen, € C", n=|A4].



Examples.
Ex1. A=A
= Ay ={ar}, Pry ={mA | m € N},
= (s, 41) = Yep, (o )T =20 mT S = ((s)

(the Riemann zeta-function)
Ex2. A=Ay
= Ay ={ay,a9,a1 + ag},
Py = {miA1 +mado | my, mg € N},
Therefore

(s, 40 = > |1 Qv Yoa Y S‘ my "ty P (mitmg) T

)\EP_|_+OZ€A+ mi1=1mo=1

(the Tornheim double sum)
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Ex 3. The case s = (s,s,...,5)
g : a semisimple Lie algebra over C
A= Ag)
Witten zeta-function : Cpy (s, g) = >, (dimp)™—*
(@ runs over all finite dim irreducible representation of g)

By Weyl’s dimension formula we have

Cw (s, 9)

B i f: H ( aV,miA + -+ m7«>\¢>> 7
o V
- : A Of , )\1 + e+ >\T>

S

— ( («x ,)\1—|—°°--|—)\7~> Cr((s,8,---,8),A(g))
acAy
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Ex 4. The Euler-Hoffman-Zagier multiple sum

CEHZ?“ — Z Zn nl+n2)_52"’<n1‘|‘""|‘n7~)_87“

ni=1  ny=l
This can be regarded as a zeta-function of the root system of type
C), which is NOT simply-laced.
At = A;L UAgy (I long roots, s: short roots)
S; = (SQ)QEA+, with sq = 0 for any o € Agt
Then we find Gr(sy, Cr) = Cprz,r(s)

(It is also possible to understand (g g7 ,(s) as a zeta-function of the
root system of type Ay; cf. Komori-M-Tsumura, Math. 7. 268 (2011))



Special values (at positive integer points)
The study of special values is important for both Witten
zeta-functions and Euler-Hoffman-Zagier sums

= How are the special values of zeta-functions of root systems?

Recall : Witten’s volume formula (coonected with the volumes of

certain moduli spaces appearing in quantum gauge theory)

G (2k, g) = Cyy (2K, g)m 2"

for k € N, where n = |A4| and Cy(2k, g) € Q
What is the explicit value of Cyy(2k, g)?



1. Aj case (the Riemann zeta)
C(2) = m2/6, C(4) =7*/90, ...
That is, Cy (2, A1) = 1/6, Cy(4, A1) =1/90, ...
2. A9 case (the Tornheim sum)
Cw(s;, A2) = 2°Ca((s, 8, 5), A(A2))
and Mordell proved (5((2,2,2), Ay) = 7Y/2835
= Oy (2, Ag) = 4/2835

Algorithm of computing Cyy(2k, g) for general case:
Szenes (1998), Gunnells-Sczech (2003),
Our approach (Around 2005 — )



W =WI(A) : The Weyl group of A
Define

S(s,A) = Y 1] 07| Gw's )

weW \aceALNwA_

where w™'s is defined by (0g8)a = Soza for the reflection oy with
respect to (the hyperplane orthogonal to) [
(If oga € A_, then we understand that Soga = 3_05@)

S(s, A) is the “Weyl group symmetric linear combination” of (;-(s, A)
= can be expressed as a certain multiple integral involving a product

of Lerch-type zeta-functions



= When s = k = (ka)aen, (ko € N), we have

(2my/—1 ka
[T

Sk, A) = (=1)" By(A)
acA L

(Bi(A) : a “root-theoretic” generalization of Bernoulli numbers)

[n particular, if ko = kg whenever ||a|| = [|3]|, then w™ Tk =k, s0

Sk, A) = Y [T (172 Gw 'k A)

weW \aceALNwA_
= Z Gr(2k, A) = [W |G (2k, A), and hence
welW

) B Vs
W e

CT<2k7 A) — BQk<A)

acA
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By (A) can be calculated via its generating function

k
t «
F(t,A) =) By(A) % (t = (ta)aen.)
k OéEA_|_ o
Example:
t

F(t, Al) =

" (classical case)
6 —_—

F((t1,t2,13), Ag)

t1t2t3€t1+t2<€t3_tl_t2 L 1)
(el —1)(e2 — 1)(efs — 1)(t3 — t1 — to)

Now we consider our main target : type Go
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Type Go :

U = {a, ao}

A+ =Aay, a9, a1 + a9, 201 + a9, 3a1 + a9, 31 + 2a9}
Piyr ={mA{ +niy | m,n € N}

Therefore

Ca(s, G2)

Co((s1, 52, 83, S4, S5, S6), G2)

0 o
SN m IR T2(m 4 n) T (m + 2n) M

m=1n=1

X (m 4 3n)”%(2m + 3n)~ %6

Now compute the generating function F'((t1,t9,13,t4,ts5,15), G2) of

the Bernoulli numbers By (G9)
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F((t1, 12, 83,1, 15, 86), G2) = titatstatsts
1 v |
’ ti+to—t3)" (L1 + 2t —1
<(6t1—1)(et2_1)(1 0 —13) 7 (t] + 2tg — ty)
(11 + 3ty — t5) (261 + 312 — tg)

(t1 +ty — t3) "t — 2tz + 1)

1
(et — 1)(ef3 — 1)
X (2t1 — 3t3 + t5)_1(t1 — 3t3 + t6>—1

2(ett — 1)(ett — 1)(751/2 oty — 12 )2 — b+ £y)2) )

) (t1/2 — 3842 + t5) " H(t1 /2 + 3t4/2 — tg) !
62t1/3+t5/3 4 6t1/3—|—2t5/3 1

_ 3(eft — 1)(els — 1) (t1/3 —ty + 2755/3)_1

X (t1/3 4ty —t5/3) "1 (2t1/3 — t3 +t5/3) "Lty + t5 — tg) !

_l_
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B 3(eft — 1)(ef6 — 1) (t1 +t5 — tg) " ?

X (t1/3 + Ly — 2t6/3) 12t /3 + to — t5/3) " (t1/3 — t3 + tg/3)

- (b, +tg — t3) " N(to + t5 — t3)

X (2tg + t3 — t5) " (to + 2t3 — tg)

1 .
_(@tQ — 1)(6t4 . 1><t1 + 2ty — t4> (t2 + ta — t4)

X<t2 + 14 — t5)_1(t2 — Oty + t6>_1

et2

(e'2 = 1)(e" — 1)
X(ty+ta — 1) (3t2 = 25+ t5)

_|_

(tl +3lg — t5)_1(2t2 + 13 — t5)—1
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€t2/2—1—t6/2 4+ €t2
2(ef2 — 1)(et6 — 1)
><(752t/2 13— tg/2) L(ta)2 — ty +t5/2) H(3ta/2 — t5+ tg/2)
e 1 1
— { ta—1 t1 — 2t t
(€t3—1>(€t4—1>(2+ 3 4) < 1 3_|_ 4)
X (tg — 2ty +1t5) Mt +ty —tg)
€ ~1 —1
to +12/2 —t=/2) “(ta/2 — ta + t= /2
X (t] — 3tg/2 + t5/2) " H(3t5/2 + t5/2 — tg) !

(3t3 + 15 — 2t6)_1(t2 + 2t3 — t6)_1

+ (t] + 3t9/2 — t5/2) "

ts

_|_

s

(el3 —1)(efs — 1)
X (t3 4ty —tg) 'ty — 3tz +tg) !

_|_
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t5
€ —1 —1
_(€t4 (e = 1>(t2 + 1ty —1t5) (t3 — 2ty + t5)

X (] — 3ty + 2t5) " (3ty — t5 — tg) !

ty

€ —1 —1
— t1+ 3ty — 2t tg +14 — 1
X (ty = 2ty +t6) ' (ty — t5 — 1)~

ets 4 €2t5/3—|—2t6/3 4+ et5/3—|—t6/3

3(ets — 1)(ef6 — 1)

X(t3 T t5/3 — 2t6/3)_1(t4 — t5/3 — t6/3>_1(t2 — 2t5/3 4 t6/3)1>

+ (t1 +t5 — tg) !

From this explicit form of the generating function, we can calculate

the special values of (5(s, G9)
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207904566960

(2((2,2,2,2,2,2),Ga) =

8165653 o
70
1445338676129559305994400000

(2((4,4,4,4,4,4),Go) =

(2((6,6,6,6,06,06), G2)
55940539974690617 36

 131838156302530666544150214880458495963616000000

Also (since our condition is kq = kg for ||a|| = ||B]]) we have

467 -
70
213955059990672000

2((2,4,4,4,2,2),Go) =
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How to evaluate the values at “odd” integer points?

Recall :

S(k,Ga) = Y [T 07" ¢Gw 'k Gy

weW \aceALNwA_

When £k, is odd, the signature part appears.
For Go, it is well-known that |W| = 12, and it is easy to see that
Ay NwA_| is odd for 6 elements of W and is even for the other 6

elements of W.

Therefore, when k = (k, k, k, k, k, k) for some odd positive integer

k, all terms on the right-hand side of the above equation are cancelled,

and we obtain NO information.
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However, we can show, for example, the following “functional

relation” :

C2((27 87 17 17 17 1) )+C2<(27 1787 17 17 1)7 2)
_CQ((LLLS?Q? 1) 2)+C2<(17171787172)7 2)
_<2(<17178717172>7G2)+C2<<178717172 1)7 2)

1 109
= £C(2)¢(s +4) ~ 222C(s + )
Putting s = 1, we obtain
109

Note:24+1+1+1+1+11s odd
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Similarly,
187 11149

1 595 73201
o((4,2,2,1,1,1),Ga) = CAIC(T) + 220(2)C(9) — T (1)
((2,4,4,3,3,3), Ga) = LCHIC(1) + oot C(2)CT)
11177971
~5a0s7z o)

Note: 24+ 14+1+142+2,44+2424+14+1+1,24+4+44+3+3+3
are all odd
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Underlying reason :
Ic{1,2,....,r}, I#0
Ur={q;|leel}CVU

V7 : the linear space spanned by Wy
Ar=ANV;
Wh={wew|AY, cAY}

and define

S(s,1,A)= ) ] 07| Gw's A

wew! \aeAiNwA_

Then we can show the following theorem:
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Theorem : If there exist wy € W and s satistying
® s, € Ziorae Ay NwiA_,

° wl_ls = 8,

o wl_lW[ = w1W],

and moreover

acALNwiA_

then we have

S(s,I,A)= > ] 07| G s, )

weW N\ Wi \e€ANwA_
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In the case of G9, we can apply this theorem with

[ ={2}, w1 = —0q,, and

s = (s1, S92, S9, S4, S5, S5) with odd sy (necessary for wys = s and the
signature condition)

= S(s,{2}, G2) = (s, G2) + (—=1)*1a(s, G2)

= (a(s,Ga) = (1/2)5(s, {2}, G2)
for s = (s1, $9, $9, 84, S5, §5) with even s1 and odd sy

(therefore s + s9 + s9 + s4 + S5 + s5 is odd)

Parity result : Some multiple zeta value whose weight and depth
are of different parity can be written in terms of multiple zeta values of

lower depth
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e Fuler proved that ) |, ~q > ;1 m™ P(m+n)~ % can be written as a
linear combination of {(j) (j > 2) with rational coeflicients, when p + ¢
is odd

e Similar result for zeta values of type Ao (Tornheim)

e Similar result for zeta values of type By (Tsumura)

How is the case of G9?

= [t seems that we need some modification, because

GU(1,2,1,1,1,1),G) = 5(2)¢(5) — (1)

31
+§L<1, x3)L(6, x3)

(x3 : the primitive Dirichlet character mod 3)
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Problem 1 : Can the values (o((kq, ko, k3, k4, ks, kg), G2) be

expressed in terms of ((j) and L(j, x3) when ki + ko + k3 + kg + ks + kg
is odd?

ct. It is known that they are expressed in terms of double polylogarithms
(Zhao, 2010). Okamoto (2012) proved that they can be expressed by
C(7), L(j,x3), Sr(g/l) and Cr(j/1) with I = 4,12 and 0 < j < [,
(J,1) = 1, where Sp(z) = > ,,>1sin(2rmz)m™" and Cp(z) =

cos(2mmax)m " (Clausen functions
m>1

Problem 2 : When the values (o((kq, ko, k3, kg, k5, kg), G2) be

expressed only in terms of ((j)?
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