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Conjecture 1. (Generalized JeSmanowicz’ conjecture.) (cf. Terai [T1], [T2])
Let a, b, ¢, p, q, r be fixed positive integers satisfying a? + b¢ = ¢" with p, q¢ ,7 > 2 and
ged(a, b, c) = 1. Then the Diophantine equation

a® + b =c* (1)

has only the positive integer solution (x,y, z) = (p, q,r) except for three cases (takinga < b),
where (1) has only the following solutions, respectively:

(a, b, c)=(2, 2" =1, 2"+ 1),  (x, 9, 2)=(1, 1, 1), (k+2, 2, 2),
(a, b, ¢)=(2, 7, 3), (x, vy, 2)=(1, 1, 2), (5, 2, 4);
(a, b, ¢)=(1, 2, 3), (x, y, z)=(m, 1, 1), (n, 3, 2);

where m, n are arbitrary and k is a positive integer with k > 2.

Conjecture 2. (Le’s conjecture.) (cf. Le [Le])
Equation (1) has at most one solution (x, y, z) with ged(a,b,c) =1 and min(zx, y, z) > 2.

Conjecture 3. (Generalized Fermat’s conjecture.)

Equation (1) has no positive integer solutions (x,y,z,a,b,c) with ged(a,b,c) = 1 and
min(z, y, z) > 3.

Lemma 1. Let [ be an odd prime, a odd and b even. The positive integer solutions of the
equation a* + 1b* = ¢® with ged(a,b) = 1 are given by

a=+w?—1W?), b=2uv, c=u*+n?
where u,v are positive integers such that ged(u,v) =1 and u Z v (mod 2).

Lemma 2. (Adachi[A]). Let [ be an odd prime with | = 3 (mod 4), and a,b relatively
prime integers of opposite parity. Then the implication

a2+ =c = a+bvV—1=(u+ovV-1)

holds for some integers u and v. In particular, when v =1 and v = m, we obtain
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a jz:% <2j>m (=) >0, b=-m jz:% <2j+1>m (=) >0, c=Im’+1 (2)

with m even.



Lemma 3. (Nagell[N], Theorem 117). Let | be a prime with | = 3 (mod 8). The

Diophantine equation

ot — oyt =122

has no solutions in positive integers x, y and z.

Let a; and ay be real algebraic numbers with a; and as. We consider the linear form
A= b2 IOgOéQ — b1 10g Qaq,
where by and by are positive integers. Define &' = by /log ay + by/ log a;.

Lemma 4. (Laurent [La]). Let A be given as above, with oy > 1 and as > 1. Suppose
that ai; and as are multiplicatively independent. Then

log |A| > —25.2 (max {log b’ + 0.38, 10})*log o log a,.

Theorem. Let [ be a prime with | = 3 (mod 8). Let a,b,c be as in (2) satisfying 2||m and
a? > \/1b. Suppse that

2
m(mQ +1) > 2521 log (Im* + 1).

Then the Diophantine equation
a® + b = ¢* (3)
has only the positive integer solution (x,y,z) = (2,2,1)
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