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1 Notation

K an imaginary quadratic field,

—D < 0 the discriminant of K (so that D € Z~),
Qp the set of primes dividing D,

o the ring of integers of K,

¢ C o an integral ideal which is prime to D,

C = N(c) € Z~o the ideal norm,

X the Dirichlet character corresponding K/Q,

X =®yx, the character of Ag/Q* determined by x.
We define a primitive Dirichlet character x, by

o) = x(m) if (n,p) =1,
P 0 if p | n,
with
n  mod Dp — pordp(D)7
m =
1 mod D, 'D.
For Q C Qp, we put
xe=[]x xo= [ x»
peQ PEQD\Q
£ the complex upper half plane.

2 Hermitian Maass lifts

Let k be a positive integer and
= Z ar(n)q" € Szp+1(To(D), x)
n>0
be a normalized Hecke eigenform. For a subset @ of Q) p, there exists a normal-
ized Hecke eigenform fg € Sa.11(To(D), x) such that
xQPas(p) ifpgQ,
Afq (p) =

xoPas(p) ifpe@



for all prime p. We put
=3 xe(=0)fa-
QCQp
Lemma 1. The Fourier coefficients of f* are purely imaginary.

The Fourier coefficient of f¢* satisfies ase- (n) = a%,(n)ag, (n) with a%(n) =
[1,p(1 + xp(=Cn)). Using ap,(n), we construct the hermitian Maass lifts.
The hermitian upper half space Hy of degree 2 is defined by

1
2v—1

Note that Hy contains $) x § as the diagonal matrices. Let

t— 0 _12 . 0 —12
9\1, o0 )97 1, o

HQ{ZGMQ((C)‘ (ZtZ)>O}.

U(2.2)(Q) = {g € GLy(K)

be the unitary group and
Il =19€U22@lg =

be a discrete subgroup of U(2,2)(Q). We put

Aﬂ@{czm%JGMﬂK)

n,me€ Z,a € \/D_lcl}
and
ec(H) = max{m € Zsolm 'H € AS(0)}

for H € A5(0). We denote by AS(0)™ the subset of AS(o) of positive definite
elements.

We define the hermitian Maass lift F, of f which satisfies the Maass relation
for ¢ by

Ddet(H
F(Z)= ) > d*ap, (C(j;t()> exp(2mV/—1Tr(HZ)).
HeAg(o)t \d|e(H)

The lift F is a holomorphic function on Hs and satisfies

Fi(Z) = det(y)" " Fe((AZ + B)(CZ + D) )(CZ + D)2+

A B
7:(0 D)ergm.

for Z € Ho and



We find that
F (diag(21, 22)) € Saxt2(SLa(Z)) © Saxt2(d(C)~'SLy(Z)d(C))

with d(C) = diag(1,C) € GL2(Q). For g(z) =307 | ag(n)q" € Saxt2(SLa(Z))
be a normalized Hecke eigenform, we put gc(2) = g(2/C) € Sax12(d(C)1SLa(Z)d(C)).
We consider the period integral (Fi|sxs,9 X go) given by

(Felsxsn,9 % go) =

0 -
/ / F. ((Zol )) 9(z1)gc (22)yi Y3  dz1dzs.
d(C)~1SL2(Z)d(C)\H JSL2(Z)\$ %2

Here, dzq, dzy are Lebesgue measures, i.e.,
™
3"

Lemma 2. Let f € Sa,41(To(D), x) and g, 91,92 € S2,+2(SLa(Z)) be normal-
ized Hecke eigenforms and ¢ be an integral ideal of K which is prime to D.

vol(SLa(Z)\$H,y2dz)

1. (Felsxs,91 % (92)c) = 0 unless g1 = ga.
2. Fiz f and g. Then the map

<FC|56><.6,g X gc>
7 o olacge) < AHADN VIR

depends only on the ideal class of ¢.

3 Main Theorem

We define the Satake parameter {o p, X(p)a;’;} of f by
L—as(0)X + x> X* = (1 - p o, X)(1 - p"x(p)ay,X)  if p&Qp,
app=p "ay(p) if p€Qp,
and the Satake parameter {ag,,, a,} of g by
L= ag(p)X +p* X = (1= p 20y, X) (1 =™ 20y LX),

Then, the Ramanujan conjecture (proved by Deligne) states that

lafpl =lag | =1 for all p.
We put
afp 0 ) .
-1 lf p * D7 6] O
Ap = ( 0 x(pog, and B, = ( o a1> .
Ofp if p| D, 9.p



The L-functions L(s, f % g), L(s, f X g X x) are defined by

L(s,f x g) = Hdet(14 —~ A, @B, -p %)t x Hdet(12 —A,®@B,-p )7,

ptD p|D
L(s,fxgxx) = Hdet(14 - A;l ®B,-p )7t x Hdet(lg - Agl @B, -p )"
ptD p|D

for Re(s) > 0. They have holomorphic continuations to the whole s-plane.
Note that
L(s, fxg) =L(5 f x g x x)

by the Ramanujan conjecture. We also define
D(s,f,9) = Y n  ag(n)ay(n).
n=1

Then, we have
D(Safa g) = L(2S — 4k — 17X)71L(S — 2K — 1/23 f X g)v

where L(s,x) is the Dirichlet L-function associated to x. We put Lo (s) =
Ie(s+1/2)Tc(s+ 2k + 1/2) with T'c(s) = 2(27)~°T'(s). Then they satisfiy the
functional equation

Loo(s)L(s, f x g) = =D 2% ay (D)™ Lec (1 = 5) L(s, f % g X X).

This equation implies that af(D)L(1/2, f x g) € vV—1R.
The main result is as follows:

Theorem 3. The identity

1 _ L))t 1 (Feloxs,9 X 9c)
L<2’f . ) GO e 2 loe )

[c]eClix

holds.



