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Introduction

L-functions for Siegel cusp forms (degree 2)
o hy={ZeMy(C) |'Z=21Im(Z) > 0}.

A Siegel cusp form F' of weight ¢ € Z~( for Spy(Z) has the Fourier
expansion:

F(Z)= Y ap(T)exp(2mi-tr(TZ)) (Z € by)
Teot

where QT = {[b%béz} >0 ‘ a,b,cGZ}.
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Assume that F' is an eigenfunction of all Hecke operators.
T € Ot : fixed
Andrianov(1971) suggested the following Dirichlet series

L(s,T,F) := i @ mT)  po(s) > 0).

L(s,T,F) has
@ Integral representation
(Andrianov's integral (The Rankin-Selberg integral))
@ Meromorphic continuation to C
o Euler product

Today's talk
We consider the Rankin-Selberg integral for Siegel cusp forms for
square-free level.
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Motivation
By a consideration of a trace formula, we have

Z (The RS integral of F') - (Bessel period of F')
FEB(I,N)

= Z(Orbital integral).

(B(l, N):an orthonormal basis of the space of SCFs of wt. [ and level N.)

It can be expected that this formula implies an asymptotic formula (as N
grows to 4+00) of a certain weighted average of the spinor L-functions for
Siegel cusp forms.
N

@ A non-vanishing property of special L-values.

o A weighted equidistribution theorem of the Satake parameters of

SCFs.

Preceeding study

e Tsuzuki (2020) : Weight aspect (I — 400, N =1.)
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Today's topics

Bessel model

Local zeta integral

@ The Rankin-Selberg integral

Asymptotic formula(Future work)
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Notations
Let
G = GSps = {g € GLy ‘ tg [_22 102] g=1v(g) [_22 102]}'

v:G — GL7 : similitude norm.

Let B = MN be the Siegel parabolic subgroup of G where
M:{[ tA 1 ] ‘CGGLl,AEGLQ}
N={[§1]]|XeM,X="X}.

@ For a prime number p, and a non-zero ideal a C Z,,
K, =G(Zy), Ko(a)={[A8] €K, | CeaMy(Zy)}.

o Ko(N) = [, Ko(NZ,) (N € N).
o Ko, = G(R)’NO(4).
o K=K
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Local Bessel models for G

Bessel models for G are introduced as a substitute for Whittaker models.
The uniqueness theorem of Bessel models holds.
(Novodvorski&Piatetski-Shapiro(1973), Prasad& Takloo-Bighash(2011)).
The local Bessel models

@ F' : a non-archimedean local field with char(F) = 0.
@ 0 C F : the ring of integers.

@ p C o : the maximal ideal.

@ w € p : a prime element.

q:=#(o/p)

@ 1 : F — C! : a non-trivial character.

For a fixed symmetric matrix S = {b% bf} € Sym, (F) with b2 — 4ac # 0,

Le=Fla+ Fe (6= "2 7,]), Ts=1L5.

—Ts ={g € GLy(F) | tgSg = det g - S}.
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Bessel subgroup
Then the Bessel subgroup of G(F) w.r.t. S is defined by

Rg = {[‘q det(g)_tg—1:| n ‘ geTs,ne N(F)}.
Let A be a character on Ts and g be the character on N(F) given by
Us([** 1,]) = ¢(tr(SX)).

Then, A® ¢g : Rg 3 [g det(g)‘tgflj| n+— A(g)ys(n) € C! defines a character on
Rs.

For a smooth adm. irred. rep'n 7 of G(F), let (7*)%* be the space of all linear
functional £: m — C s.t. £(n(r)v) = A @ pg(r)l(v) for all r € Rg, v € 7.

Uniqueness theorem

Let 7 be a preunitary smooth adm. irred. rep'n of G(F'). Then,

dim(n*)SA < 1.

7 admits a local (S, A)-Bessel model << (7%)S:4 £ {0}
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If 7 admits a local (S, A)-Bessel model, we choose ¢ € (7*)%* — {0} and define
A(S,N)[r] :={B:G(F) = C| 3 emVg e G(F),B(g) = (r(9)§)}.
This space is called the local (S, A)-Bessel model.

Assumptions
@ 7 is of type I, IIb, Illa or VIb (in the sense of Schmidt&Tran's classification)
@ Lg/F is an unramified field extension.

(cf.) R. Schmidt, L. Tran, Zeta integrals for GSp4 via Bessel models, Pacific J.
Math, 296 (2018), 437-480.
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Local zeta integral via Bessel models

Subgroup G#(F) < G(F)

Let G#(F) := {g € GLa(Ls) | det(g) € F*}. We consider the
symplectic form on L2 ~

p(z.y) = det([zh a)), == [3],y=[i] € L%

Then p(gz, gy) = det(g) - p(z,y) for Yo,y € L2, Vg € G7(F). Hence we
get an embedding ¢ : G¥ (F) — G(F).
Let

o K = G(o).

o Ko(p)={[A8] eKp | C €pMao)}.
o K# := /" 1(K).
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e 7 : a smooth adm. irred. rep’'n of G(F) which admits a local
(S, A)-Bessel model.

For Re(s) > 1 and B € A(S, A)[x]Ko®) let

Z(s, B) :/FX /K#B([ﬂ? ) L(/{#)) la*~Ldk#* d%a.

Let us define operators 1, Ty € End (%(S, A)[W]KO(P)) by

mB](g) = B(gn) <n - [_w 1 1] : Atkin-Lehner eIement) :
1

5K9) = SR =2, s

B(gh)dh.
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Theorem(K. Tsuzuki)

Suppose A =1 and = is of type I, llb, Illa or VIb.
For B € %(S,1)[r]%o®), the following formulas hold.

@ Local zeta integral for newforms : If 7 is of type llla or VIb, we have

¢ L(s+3,m)
q2+1 CLS(S—FI)

Z(s,B) = - [1B] (1a)-

@ Local zeta integral for old forms : If 7 is of type | or llb, we have

1 L(s+3,m)
@?+1 (rg(s+1)
x {B+q "TonB + ¢ (1 — p(m)g™* + ¢ **)nB} (14).

Z(s,B) =

where u(m) = ¢~ 2 (x4 Br + @z + B1), (ax, Bx) is the Satake parameter of
7, and L(s, ) is the spinor L-function of 7

Seiji Kuga (Sophia University) 12/35



The spinor L-function
(cf.) LI Piatetski-Shapiro, L-functions for GSpy, Pacific J. Math. Special
Issue (1997), 259-275.

o m is of type | or llb

— L(s,m) = {(1 - axq~*)(1 = Brg™*) (1 —aztq™)(1 = Brlq~*)}
where (o, Br) is the Satake parameter of m,.

o 7 is of type Illa or VIb
— Schmidt&Tran(2018)

(cf.) R. Schmidt, L. Tran, Zeta integrals for GSpy via Bessel models,
Pacific J. Math, 296 (2018), 437-480.

Remark

e 7 is of type | or lIb
e Bc B(S,MN[r¥

= Z(s,B) =
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Most of parts of the proof are direct calculations.

Fact

The classification of all irreducible admissible lwahori spherical
representations of G(F') which admits a local Bessel model is given by
Pitale and Schmidt.

(cf.) A. Pitale, R. Schmidt, Bessel models for GSp,4 : Siegel vectors of
square-free level, J. Number Theory, 136 (2014), 134-164.

Tools

e Calculations for newforms
Many recurrence relations of local Bessel models are given by Pitale
& Schmidt(2014).

o Calculations for old forms
Local functional equation for L(s,7) (Piatetski-Shapiro(1997)).
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Outline of proof
By a left coset decomposition

K* =Ko L (9510691 )

and a direct calculation, we have
2(s,B)= 57 Z{ LD AT B ([T ) e

Outline for type Illa, VIb (newforms)
° H{Bi}1§i§dhn(%,(5’1)[W]Ko(p))) : Eigenbasis of Tj.

o {B; ([wnh 12])}%220 and {nB; ([w”12 12])},16220 are geometric
series (Pitale, Schmidt (2014)).

@ B;(14) and nB;(14) are determined by means of recurrence relations
of local Bessel models investigated by Pitale&Schmidt.
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Outline for old forms

Assume that 7 is of type I.

It is known that = dim Z(S, 1)[r]¥e®) = 4.

{Bi}lgig4 . Eigenbasis of T(). Let T().Bz = >\sz and ’I]Bi = Z?:l ﬁjiBJ

Pitale "
It is known that B; ([wng 12}) Schmidt \ .3 B; ([="* 12]) (n>0).

1 = w1, 7 "1, n —s+1
=S B L) s ) e =
n=0
_ 1 B;(14) qf Z n;iBi(1a)
@?+1)1-Ng3X X J:11 Ajq 3X
1 1
= 211 . XOX) (A0+A1X+A2X2+A3X3+A4X4)

2 1
(Q(X) = 1_11 T X) :
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By direct calculation, we have

Ao =¢" anz (14) = ¢*nBi(14).

4
- Ay = Bi(14) + ¢ ani (q‘% —q ) Ai) - Bj(14)

j=1 i=1
={B; + ¢ 'TonB; — g\(m)nB;} (1
( {)\17>\27)‘37)\4} = {q%aﬂ'aq25ﬂ'aq2a7r ;G2 /8 })
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CLS(S + 1)

Z(s, B;
L(s+ %,ﬂ') (s, B:)
Q(X)
=T gixe 2B
1 Ag+ ArX 4 ApXP 4 A3XP 4+ Ay X!
P +1 (1-¢1X2)X '

By the local functional equation (investigated by Piatetski-Shapiro), the
above rational function is invariant under X +— ¢?X L.
Hence, Ay = q74(q2 — 1)A0, Asg = —q74A1, Ay = —q76A0.

.CLS(S"i'l)
CL(s+ %, m)
1
= XN A+ AL X + g2 A0 X?
211 (Ag+ A1 X + ¢ 24X ?)

1

T2+l {Bit+q " To(nB:) +p™ (1= p(m)g™ + ¢ *)nBi} (1a).

Z(S,Bi)

O
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Global Bessel models for G.

Global Bessel models for Siegel cusp forms
Let

ol €Z>y, N € Zsyp.
© 1) =[] <o ¥p : the standard non-trivial character on A/Q
eusp (L, N) : The set of all irreducible cuspidal representations
T ®p<oo7rp of Z(A)\G(A) having the following properties:
(i) As a (g, Ko)-module, mo = D}t @& D;” where D} (resp. D;") is the
holomorphic (resp. anti-holomorphic) discrete series representation of
Spa(R) of weight .
(i) 7Ko() 2 {0},
For a symmetric matrix S = [b72 bf} € Sym,(Q) with b — dac # 0, we
define Lg, Ts, Rg, and g as above.
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0 TR . mp € eysp(l, N).

@ Ar, :=Lg®gA.

p<oo
© A=[],, Ap: acharacteron A} /Lg.

The (S, A)-Bessel period : For ¢ € m, g € G(A),

BSA(p1g) = / A ® () p(rg)dr.
Z(A)Rs(Q)\Rs(A)

7 admits a global (S, A)-Bessel model PN Jp € m, g € G(A), B (p;9) # 0.
Remark
If 7 admits a global (.S, A)-Bessel model, we have

@ 7, admits a local (S, A,)-Bessel model.

o A|Ax = Wsr-

@ Lg is an imaginary quadratic field.
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Let
@ D < 0: afundamental discriminant.
° E=Q(WD).
efcop st. 0—0=—D.

© T9= |ty ,00)/2 Npo®) ]

o w: a character on CI(E) 2 AY/E*XEXogp ",
Then L1, = F.

Hg;gf)w)(l, N) : The set of all ™ € Il¢ysp(l, V) admitting a global
(Ty, w)-Bessel model.
Fact

For 7 = ®p<oo77p € ngf)w)(l,N), we have
°p< o0, 7rp”7é{0}:>7rp is of type | or llb

° p < oo, 7Tp = {0} = m, is of type Illa or VIb
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The Rankin-Selberg integral for Siegel cusp forms

Subgroup G
Let G7(Q) := {g € GL2(E) | det(g) € Q*}. We consider the symplectic
form on E? = Q* :

pla,y) = det(Zs (B ), @ =[3].y =[] € B

Then p(gx, gy) = det(g) - p(z,y) for Va,y € E?, Vg € G#(Q). Hence we
get an embedding 19 : G# — G as algebraic groups over Q.

Let B# 1= ;' (B), KJ} = 1, (K,), and K# := [ K} .
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Eisenstein series on G7(A)

Let s € C and w € CI(F). By Iwasawa decomposition
G#(A) = B#(A)K#, we define a function f(**) : G#(A) — C as

flee ({“T A } k#> =w(r) " NgMi el (a€ A, 7€ AE, k# € K¥).

0 7+t
The Eisenstein series:
E(s,w,g%) = Z flew) (v*g7)
y#EB#(Q)\G#(Q)

converges absolutely for Re(s) > 1.
Standard properties :

@ Meromorphic continuation to C.
o Functional equation : E*(s,w, g%) = E*(—s,w™ !, g") where

s+1 ~

E*(s,w,g") = |D|"2 L(s+ 1,w 1) E(s,w, g").
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Siegel cusp forms

Let
0 hy ={X+iY | X,Y € Sym,(R),Y > 0}.
© g(Z)=(AZ+B)(CZ+ D)™ (9=1[& 7] €GR)’,Z € b).

@ J(g,Z) =v(g)~tdet(CZ + D).
Let S;(Ko(IV)) be the space of all smooth functions ¢ : G(A) — C s.t.
() ¢(27g) = ¢(g) for (2,7, 9) € Z(A) x G(Q) x G(A).

(i) @(gkainkoo) = 71 (koo) "to(g) for (g, kfin, ko) € G(A) x Ko(N) x Koo
where 7j(koo) = J(koo,il2)!.

(i) R(X)p=0for X €p—.

(iv)  is bounded.

The classical Siegel cusp form F,, corresponding to ¢ € S;(Ko(NN)) is defined by
Fo(Z) = J(goo:i12) 0(9)  (Z € b2)

where g € G(R)? s.t. g (ile) = Z.
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The Rankin-Selberg integral (a reformation of Andrianov’'s integral)
For ¢ € S;(Ko(N)), the Rankin-Selberg integral is defined by

(B, Rt)e) = [ B(s,,5%)p(io(g™ 0o
Z#(A)G#(Q\G#(A)

where
12 Y%rg0(0) 0 0 -1
_o9—1
o b = |0 —2WIDI 0 0 € G(R),
0 0 271/|D] 27 tr g g (0)
0 0 0 ~1

The integral converges absolutely for s € C where E(s,w, g7 ) is regular.
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Main result

Wighted average of Fourier coefficients (R(p, E,w))

° Q;rrim(D) = {[b72 béﬂ | a >0, b> —dac = D, GCD(a,b,c) = 1}

© Qlim(D) A SLy(Z) : Ty :="7Tn
There exists a natural bijection
Qi (D)/SL2(Z) = CYE)
For ¢ € S;(Ko(N)), F, has the Fourier expansion of the form
Fo(Z)= Y a,(T)exp(2mitr(TZ)).
TeQt

For a character w : CI(E) — C*, define

ReBw)=— Y aDe(T).

D
[T1€Q} 11 (D)/SL2(2)

prim

where wp = #o5%.
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Bessel data
Let 7= @), 7 € Hggi,w)(l, N).
For p < 0o s.t. m, is K,-spherical, there exist E?Tp € (my)To“r and
§2p € 7rzlfp s.t.
lr,(&n,) = 1, (&, 1€, )m, =
A family of pairs {(£,,&p) tp<oo € oo {(Tr;‘,)TG"*’ X wa(NZp)

be a (Tj,w)-Bassel data for 7 if (¢,,,) = (£3 ,£) ) for pt N and
£y(&p) =1 for all p.

} is said to

We fix a (T, w)-Bassel data {(¢p,&p)}p<oo and put
) = 1 ® (Dpecocp) € TEOWN) (v, € D : a lowest weight vector)

Assumptions
@ N is square-free

@ All primes p dividing N are inert in E/Q.

Seiji Kuga (Sophia University) 27/35



Basic identity(Piatetski-Shapiro)

For m € chsp(l,N), p=1v® (®p<oo¢p) c 7Ko(N)

B(s,w), ROR)p)

T~

= @/ BT (s@; [“*24,] Le(k#)bﬂ%) la|s~ ' dk* d%a
AX JK#

D
2 l X ZOO(SOvsvw) X H ZP(¢P787WP)

p<oo

where
® Zoo(p,s,w) = R(p, E,w) - [ B2, ([*'? 1,] b8) a*'d*a.
® B (goo) = J(goo,i12) 'exp(2mitr(Tge (i12))) (900 € G(R)P).
© Zp(pys,wp) = [ox Sz o(mn([*2 1, ] to(K®))¢p)lal; ™! dk¥ d*a.

The global L-function
For 7 & ®p< oo Tp € Heusp (£, N),

m) =[] L(s,m) (Re(s) > 3).

L(s,m) :=Dc(s + 1le(s + £ — 2) x L(s, 7).
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Theorem(K. &Tsuzuki)
Let 7 € TGS (I, N), @ = 0 ® (®u<ootp) € KON,
Assume that
@ R(mp)e =o0pp (np € G(Qp): Atkin-Lehner element, p|N, o, = £1).
Then,

_ —s—1+2 g _
(B(s,w), RBR)e) =27 (-1)'|D| "2 oMz [T 0° + 1)
p|Nx
L(s+ 1,7
X R(@%, B, w) =2 Ly (p) Z5 (bp; 8, wp),
T+ Lol plll_\][" p\Pp pg p\Pp p
Nr
where N7 is the conductor of m, or =[],y 0op and
. L(s+1,0;")
Zy (bp; 8,wp) = mzp(%;&%)-
In particular, if N = N,
— —s5— s _ L o l,
(B(s,0), R)p) =27 (<1 |D] = F 2 0, [[ 07 + 1) - R, By oot 20
L(s+ 1wt

v
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Corollary(functional equation)

Let m € Héfg;)“) (I, N)*V. Assume that there exist ¢ € S;(Ko(N)) N, an

—

imaginary quadratic field £, and w € CI(E) such that R(p, E,w) # 0.
Then we have the following functional equation:

~

L1 - s,7) = (—1)!N*"2L(s, ).

@ A transfer to GL4(A).

(cf.) R. Schmidt, Packet structure and paramodular forms., Trans. Amer.
Math. Soc., 370 (2018), 3085-3112.

There exists an irreducible cuspidal automorphic representation II of
GL4(A) such that
L(s,m) = L(s,1I).
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Asymptotic formula(Future work)

Tsuzuki (2020) proved an asymptotic formula of a certain average of special values of
spinor L-functions for full level Siegel cusp forms.

cf. M. Tsuzuki, Weighted equidistribution theorem for Siegel modular forms of degree
2, arXiv: 2103.07835.

Theorem (Tsuzuki (2020))

There exists a constant C' > 1 depending only on D such that as | € 2Z>( grows to
00,

> 9fp.-L(3,m) =2P(1,D,w)+0(C™)

wE€Meusp (1,1)

where
e {L(Lnn) (558 - tog(4m?) + L'(Lnp) (@ =1)
L(L, AZ()) (w#1)
P RELEOP (1 @ =1)
Q' = CiD (02, %) 1 X {2 (w2 £1)

ap =433 2 DIFTIN( - )T - 2)wp hp!.

)
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We consider the average
@GN =TI+ 178 > (B (s,w), Rbh)e) BT (p;00)
p|N @eB(I,N)
(B(I,N) : an orthonormal basis of S;(Ko(N)))
By the basic identity (Piatetski-Shapiro (1997)), we have

IR | ((ZV DY { > @%maﬁmﬂww%}
(,N)

pIN rellig) »€Bx(I,N)

(Bx(I,N) : an orthonormal basis of S;(Ko(N)) N )
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We divide TISZ%) (I, N') into three parts:
To,w _ To,w new,T To,w new,SK To,w 1d
nggp )(I7N) - H<(:u2p )<Z’N) ¢ I—ll_[((:ugp )(l7N) ¢ l—lﬂgugp )(l7N)0
where
° Hggﬁw)(l,N)OId . the subset consisting of all old forms.
° Hgfgf)“)(l,N)nerSK - the subset consisting of all newforms which is a

Saito-Kurokawa lift from irred. cusp. rep'n of
PGLy(A).

° Hggl;‘“)(l,N)new’T — Hg{gl’)w)(l,N)fﬂ(Te’w)(l,N)neW’SKfH(Te’w)(l,N)OId.

cusp cusp

We rewrite

H(S)(l,N) _ H(S)(l,N)new’T +]I(S)(Z,N)new’SK + H(S)(Z,N)Old
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Propositionl

]I(s) (l7 N)new,T

272|D|%672m/|D|N5+1
[Ken : Ko ()]

$ |R(¢5, E,w)|? T(s+ 1 [t
.S (#5,%5) L2 A
men ) ¢, Nymew T 2

where
ot —J0° (mp is of type VIb)
T pMe(To)  (mp is of type llla)

Remark
Boechere’s conjecture (refined GGP conjecture (Liu, 2016)) states that

|R(¢9T7E7w)|2 _ 24l_4ﬂ-2l+1 ’LU2 |D‘l—1L(%77T X AI(wil))
(@0, 0% 2 (2—=2)! P L(1,7, Ad)

This formula has been proved by Furusawa and Morimoto (2022).
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Proposition2

If —% < Re(s) < % and N = ¢ is a prime, then for any € > 0,

1°)(1,)° = O(¢"*)~3),
1 (17 q)new,SK _ O(q_%_%Re(SH—a)

as g — oo.

Outline
(=) (1, N')°'d — Our results of local zeta integrals for old forms.

]I(S)(l,N)neW’SK N
1 1
[R(¢%,E,1)|2 5 1 ., LG m®xp)L(s+75,m)
(2% L2 L(s +3,m) L(%,WO)L(l,m,Ad)
if 7 is the Saito-Kurokawa lift of irred. cusp. rep'n my of PGLy(4A).
(Dickson, Pitale, Saha, Schmidt (2020))

1—Re(s)

o L(s,my) < q 2z T¢, (q— 00).

o L(1,m,Ad)™" < log(3+q), (g 00).
(Goldfeld, Hoffstein, Lieman(1994))
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